Introduction
The works as reported by Mandelbort in 1967 [1] may be one of the influential pioneer explorations on practical application of the fractal geometry. Since then, both the mathematical theory and its applications have aroused wide research interests and achieved comprehensive developments [2] .
In the fields related to structural engineering and engineering mechanics, the attempts on application of the fractal analysis have been quite intensively made. Among the researches, it was explored describing the mechanical system of fractal media by fractional calculus with dimension regularization [3] . These concepts were developed to formulate equations for analyzing a Timoshenko beam with fractal dimensions [4] . With certain anomalous units defined, Carpinteri et al elucidated the ideas on extending the classic linear elastic theory to analysis of fractal media, and established a set of basic governing equations leading to finite element formulation for an elastic body of fractal dimensions [5, 6] . Towards more engineering practice, some fractal models for concrete behaviours were suggested [7, 8] , and size effects on performances of concrete structures were studied from a fractal point of view [9] .
In respect of the learned researches, explorations appear yet desired on more straightforwardly applying the fractal analysis to engineering problems. This paper introduces a fractal pattern to yield lines to calculate the ultimate flexural loads for the reinforced concrete slabs in bending. By nondimensionalization, a uniform Cantor set is introduced to postulate the yield lines from the concrete crack. With the fractal dimension inhering with the set found, the ultimate flexural loads are accordingly determined from the virtual work principle. For the slabs with uniform rebar placement and consistent thickness, a unique factor γf is derived for modifying the calculation results from the traditional yield line theory. The comparisons with the reported test results are made, which is accompanied by some discussions.
Yield Line Analysis Considering Fractal Natures for Concrete Cracks
The sectional bending capacities and the ultimate flexure loads for a reinforced concrete slab are related in the virtual work principle [10] . The significant cracks are considered being developed along the yield lines. Traditionally, the yield lines along these cracks are idealized as straight lines, as illustrated in Figure The dimensionless treatment enables the length of a yield line to be integrally expressed by a length unit and the analysis can then be consistently processed within interval [0, 1] .
A reinforced concrete slab is normally with uniform reinforcement placement and consistent concrete thickness, resulting in constant bending strength along a straight line on the slab, so equation (3) Composition with the aggregates in different sieve sizes causes the nonhomogeneousness of concrete material, which imparts irregularities of the crack development. The cracks are normally around the aggregates, which, as viewed here, contributes the crack development in irregular traces. It is accordingly considered that, in approaching the ultimate flexure stage, the concrete capacities in compression contributing the slab bending resistances may have degenerated in some zones along the yield lines, for the possible reasons that (1) part of the coarse aggregates may have undergone a deterioration of glue with the cement paste, due to their rigid shapes incompatible with the increased slab curvatures; (2) excessive stress concentrations may be induced in proximity to some aggregates, due to their irregular shapes. Thus, up to the ultimate flexural status, not everywhere along the yield lines exists concrete compressive strength to maintain the sectional bending resistance, i.e. as shown in Figure 1 (b), functional bending strengths are not continuously distributed along yield lines.
The reinforcement in slabs would be regularly placed according to designs. So the reinforcement should mainly cause discontinuity instead of irregularity in the responses, and is not considered in the fractal analysis as introduced.
Starting with equation (3), in which measures of the yield lines have undergone a dimensionless treatment, the calculations may be purely processed over the unit interval [0, 1] . To model the discontinuousness of the functional bending resistance zones along the yield lines, a uniform Cantor set C constructed on [0,1] [2], as shown in Figure 2 , is introduced to characterize the effective slab sections along a yield line. Corresponding to the dimensionless treatment, length of a yield line is universally represented with 1, the linear measure over the unit interval [0,1]. The Cantor set with a given middle void ratio δ can then be taken to pattern the discontinuousness of the functional bending resistance zones along a yield line, as shown in Figure 3 .
One should note that it is not unusual in modern physics field to conduct a dimensionless treatment to facilitate the analyses, even if a physical meaning of such a treatment has not been properly interpreted yet [11] . The fractal dimension α of Cantor set is found in a box-counting way [2] , Under the fractal nature introduced, the total virtual works by the effective bending resistance along each yield line, J
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, is integrated at first over the Cantor set with the dimension given by equation (5) , and then it can be obtained
The fractal integration from the fractional calculus [14, 15] can be accordingly found as
in which, [ , ] x x , and according to [14] [15], with Г (…) denoting the Г-function, be a point in the j th subinterval of the set, equation (7) can be further substantiated with respect to equations (5) and (8),
As a normal design would equip consistent sectional bending strengths along a straight line on the slabs, equations (9) and (6) can be simplified to
respectively, where
Compared (4) with (11), it is seen that bringing in the fractal patterns, the ultimate flexural load obtained for a concrete slab of consistent configuration differs from that of the conventional yield line analysis by a unique factor γf, which, as suggested by (5) and (12), solely depends on the middle void ratio δ.
Outcome and Applicability of Analysis
For slabs with the uniform configuration, the modification factor γf to the ultimate flexural loads from the traditional yield line analysis may be in turn determined from the void ratio δ, as suggested by equation (5) . Figure 4 shows the variation of modification factor γf against the different middle void ratio δ. Compared with the traditional yield line techniques, Figure 4 shows that the higher ultimate flexural load capacities for the slabs could be obtained when adopting the fractal description to yield lines, in the extent over 10%.
In Figure 4 , δ = 0 corresponds to the concrete being intact along the yield lines for no void being counted. The concrete performance under this circumstance gets rid of the fractal natures and the dimension measure is back to 1, as conventionally considered, therefore no more modifications to the calculation (γf = 1) is given. It is also shown in Figure 4 that γf ≠0 as δ →1, and this should correspond to the void ratio reaching 100% and the concrete slab losing the bending capacities along the yield lines. It is therefore revealed that a proper range for δ value should be sought for the yield line analysis with fractal geometry application. As addressed in section 2, the coarse aggregates are significant factors in producing the crack irregularity leading to fractality of the yield lines. Consequently, determination of the middle void ratio δ need be specified with respect to the volume ratio of coarse aggregates in concrete mix. In respect of the design practice shown [10] , it is sensible to consider coarse aggregates normally occupying about 50% of the total concrete volume, so this is suggested that the δ value could be 0.5, which leads to γf ≈ 1.125, giving the ultimate flexural load capacity by 12.5% higher than that from the traditional yield line analysis. Figure 4 reveals that with the middle void ratio δ varying between (0.25~0.9), which would practically adequately cover the range of aggregate volume ration in concrete, adoption of the fractal description to the yield lines would allow for more than 10% of the ultimate flexural loads assessed for the reinforced concrete slabs. Previous results on the slabs by experimental and theoretical researches are collected [16, 17] . Table 1 summarizes for comparison the results reported and the outcomes of the modified yield line analysis.
When the in-plane compressions were applied, as shown in Table 1 , the traditional yield line analysis taking into account the pre-applied in-plane compression [17] appreciably provided the results closer to the test measurements. So for the sabs simultaneously subject to bending and in-plane compression, it is proper to select a smaller to none middle void ratio δ for analysis. Judging from Figure 4 and Table 1 , it is thinkable to range δ as 0~0.2 under such circumstances. As for the slabs under the pure flexural loads, as implied above, the δ value may then be considered as the volume ratio of coarse aggregate in concrete mix.
The explorations of applying fractal geometry in structural analysis is still in a preliminary stage. To promote fractal analysis in the engineering works, the physical meanings underlying the mathematical treatments for fractal analysis need be further identified. Although there are some elucidations for combining the new mechanical units from the fractal analysis with the conventional stress/strain expressions [5, 6] , further studies are necessary for sophisticatedly incorporating the fractal measures into the conventional structural mechanics.
Conclusions
The fractal geometry analysis was brought in determination of the ultimate flexural load on the reinforced concrete slabs. (4) For the reinforced concrete slabs with consistent configurations, the ultimate flexural load capacity from adopting the fractal description is given by a single modification factor γf, which depend on the middle void ratio δ. (5) It is technically meaningless and practically unnecessary for the analysis conducted with middle void ratio δ turns to 1. The δ may be specified as the volume ratio of the coarse aggregates in concrete for the simple flexural load cases, and 0~0.2 for the flexural loads plus in-plane compressions. (6) The calculations based on fractal geometry suggest higher ultimate flexural capacities for the concrete slabs, which appear closer to the test outcomes. (7) To further promote use of the fractal geometry in engineering practice, it is important to study and seek more direct ways to incorporate the fractional dimensions into the conventional structural analysis.
